We consider Bohm's second-order dynamics for arbitrary initial conditions in phase space. In principle Bohm's dynamics allows for 'extended' nonequilibrium, with initial momenta not equal to the gradient of phase of the wave function (as well as initial positions whose distribution departs from the Born rule). We show that extended nonequilibrium does not relax in general and is in fact unstable. This is in sharp contrast with de Broglie's first-order dynamics, for which nonstandard momenta are not allowed and which shows an efficient relaxation to the Born rule for positions. On this basis we argue that, while de Broglie's dynamics is a tenable physical theory, Bohm's dynamics is not. In a world governed by Bohm's dynamics there would be no reason to expect to see an effective quantum theory today (even approximately), in contradiction with observation.
Introduction
In 1927 de Broglie proposed a new form of dynamics for a many-body system (de Broglie 1928) . For N non-relativistic and spinless particles, with configuration q(t) = (x 1 (t), x 2 (t), ..., x N (t)), the particle velocities at time t are given by de Broglie's guidance equation
(with masses m i and i = 1, 2, ..., N ), where S is the phase of a complex wave Ψ(q, t) in configuration space that satisfies the Schrödinger equation
in the presence of an external classical potential V (where = 1 and Ψ = |Ψ| e iS ). De Broglie called this theory 'pilot-wave theory', and he presented it at the fifth Solvay conference as a theory of microscopic quantum systems (Bacciagaluppi and ).
As is now well known, the empirical predictions of quantum mechanics may be derived from de Broglie's dynamics -defined by (1), (2) -provided it is assumed that an ensemble of systems with initial wave function Ψ(q, 0) has initial configurations q(0) that are distributed according to the Born rule, with a probability density P (q, 0) = |Ψ(q, 0)| 2
in configuration space at t = 0. This was shown fully by Bohm in 1952 (Bohm 1952a . A key point in the derivation is to apply the dynamics to the apparatus, as well as to the microscopic system, and to show that the distribution of apparatus readings (over an ensemble of experiments) agrees with quantum theory.
It is an elementary consequence of (1), (2) that the Born-rule distribution P = |Ψ| 2 is preserved in time: if it holds at t = 0, it will hold at all times. To see this note first that, because each element of the ensemble moves with velocitẏ q = (ẋ 1 ,ẋ 2 , ...,ẋ N ) = (∇ 1 S/m 1 , ∇ 2 S/m 2 , ..., ∇ N S/m N ) , the ensemble distribution P (q, t) necessarily obeys the continuity equation
(where ∇ q = (∇ 1 , ∇ 2 , ..., ∇ N )). Furthermore, as is well known, the Schrödinger equation (2) implies that |Ψ| 2 obeys
which is just the same continuity equation (with the same velocity fieldq). Thus, P and |Ψ| 2 evolve according to the same partial differential equation, and so the same initial conditions for P and |Ψ| 2 will yield the same time evolution. The distribution P = |Ψ| 2 is therefore an equilibrium distribution, often referred to as 'quantum equilibrium'.
It has become apparent that, at least in principle, de Broglie's dynamics contains a physics that is much wider than quantum physics, with possible 'nonequilibrium' ensemble distributions P = |Ψ| 2 that violate the usual Born rule (Valentini 1991a (Valentini ,b, 1992 (Valentini , 1996 (Valentini , 2001 (Valentini , 2002 (Valentini , 2007 (Valentini , 2008a (Valentini , 2010 Pearle and Valentini 2006) . For there is a clear conceptual distinction between the laws of motion (1), (2) for a single system on the one hand, and the assumption (3) about the distribution of initial conditions on the other hand. In a deterministic dynamics, initial conditions are in principle arbitrary and cannot be regarded as laws. Therefore, if de Broglie's pilot-wave theory is taken seriously it must be admitted that departures from the Born rule (3) are in principle possiblejust as departures from thermal equilibrium are obviously possible in classical dynamics.
It has been shown that non-Born rule distributions in pilot-wave theory can give rise to a wealth of new phenomena. These include nonlocal signalling (Valentini 1991b ) -which suggests that the theory contains an underlying preferred foliation of spacetime (Valentini 2008a ) -and 'subquantum' measurements that violate the uncertainty principle and other standard quantum constraints (Valentini 2002; Pearle and Valentini 2006) . On this view, quantum physics is a special equilibrium case of a much wider nonequilibrium physics.
As one might expect, given the analogy with thermal equilibrium, it is found that initial nonequilibrium states relax to equilibrium -on a coarse-grained level, provided the initial state contains no fine-grained microstructure (Valentini 1991a (Valentini , 1992 (Valentini , 2001 Valentini and Westman 2005; Efthymiopoulos and Contopoulos 2006; Bennett 2010; Towler, Russell and Valentini 2012; Colin 2012) .
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In particular, relaxation has been found to occur for wave functions that are superpositions of different energy eigenvalues. Because all the systems we have access to have had a long and violent astrophysical history, there has been plenty of opportunity for such relaxation to take place. Therefore, if our world is governed by de Broglie's dynamics we should expect to see equilibrium today -in agreement with observation, which has confirmed the Born rule in a wide range of conditions. On the other hand, in the context of inflationary cosmology, quantum nonequilibrium at very early times could leave an observable imprint today on the cosmic microwave background (Valentini 2010) . It has also been shown that, in certain conditions, relaxation can be suppressed for long-wavelength field modes in the early universe, and it is conceivable (at least in principle) that low-energy relic particles could still exist today that violate the Born rule (Valentini 2007 (Valentini , 2008b Colin and Valentini 2013) . Apart from these cosmological possibilities, however, if we focus on the physics of ordinary systems in the laboratory, then according to de Broglie's dynamics equilibrium 1 The latter proviso is analogous to that required in the classical statistical mechanics of an isolated system (Davies 1977 ). An assumption about initial conditions is of course required, in any time-reversal invariant theory, for relaxation to occur. For a full discussion see Valentini (1992 Valentini ( , 1996 Valentini ( , 2001 ) and Valentini and Westman (2005) . today is to be expected.
The aim of this paper is to provide a similar analysis for Bohm's 1952 reformulation of de Broglie's 1927 dynamics.
In Bohm's 1952 papers, the dynamics was presented in a form different from that of de Broglie. Instead of the law of motion (1) for velocities, Bohm wrote the dynamics in a Newtonian form in terms of a law of motion for accelerations,
with a 'quantum potential'
that is generated by Ψ.
To derive the predictions of quantum mechanics Bohm made two assumptions about the initial conditions:
(i) that initial particle positions, or configurations q(0) = (x 1 (0), x 2 (0), ..., x N (0)), are distributed according to the Born rule (3), and
(ii) that initial particle momenta are restricted to the values
(where the right-hand side of (6) is determined by the initial wave function Ψ(q, 0) and by the initial representative point q in configuration space). Given the initial conditions (6), it follows from (4) and (2) that at all times t those conditions are preserved,
To see this, note that p i and ∇ i S (evaluated along a trajectory) evolve according to the same ordinary differential equation: specifically, we have dp
The latter equation follows immediately by taking the gradient of the modified Hamilton-Jacobi equation
which, as is well known, follows from the Schrödinger equation (2). Thus, the same initial conditions for p i and ∇ i S necessarily yield the same time evolution (along a trajectory).
Since (7) is just de Broglie's original equation of motion (1), it follows that the trajectories of Bohm's dynamics are the same as the trajectories of de Broglie's dynamics -provided, that is, that the initial conditions (6) on the momenta are assumed. It then follows, as in de Broglie's dynamics, that the Born-rule distribution for positions (assumed to hold at t = 0) will hold for all t, and one may then demonstrate empirical equivalence to quantum theory.
In Bohm's dynamics, (6) is an initial condition which may in principle be dropped, and the same is true of the Born rule (3). The condition (6) happens to be preserved in time by the dynamics, yielding the condition (7) at later times, but (7) is not itself a law of motion. In de Broglie's dynamics, in contrast, (7) is the law of motion, and there is no question of dropping (6), which is simply the law of motion applied at the initial time.
De Broglie's dynamics and Bohm's dynamics are therefore quite different, not only in form but also in substance. De Broglie's theory contains a wider physics, of which quantum theory is only a special case. Bohm's theory contains an even wider physics, of which de Broglie's theory and quantum theory are only special cases.
This difference between the two dynamical theories has deep historical roots. The original pilot-wave dynamics was constructed by de Broglie in the years 1923-27, with the aim of unifying the physics of particles with the physics of waves. Among other things, de Broglie argued that to explain the diffraction of single photons -where the particle does not touch the diffracting screen and yet does not move in a straight line -Newton's first law of motion should be abandoned. The first-order guidance equation (1) or (7) was proposed as the fundamental law of motion of a new, non-Newtonian dynamics. De Broglie motivated this law as a unification of the classical variational principles of Maupertuis (δ mv·dx = 0, for a particle with velocity v) and of Fermat (δ dS = 0, for a wave with phase S).
2 Bohm, in contrast, rediscovered de Broglie's theory in the early 1950s but based his presentation on the second-order, Newtonian equation of motion (4). On Bohm's original view, the guidance equation was to be regarded as a mere constraint on the initial momenta, a constraint that could in principle be dropped. This was clearly stated by Bohm in 1952 (even if this point was lost in later presentations): '... to obtain results that are equivalent to those of the usual interpretation of the quantum theory, we are required to restrict the value of the initial particle momentum to p = ∇S(x). ... if it holds initially, it will hold for all time. ... however, ... this restriction is not inherent in the conceptual structure ' (Bohm 1952a, p. 170) .
To summarise, de Broglie and Bohm proposed two quite distinct forms of dynamics, which become equivalent only by assuming the initial condition (6) on the momenta. In the context of Bohm's dynamics, if one is unwilling to consider dropping the condition (6) then one may as well use (7) as the law of motionthereby in effect abandoning Bohm's dynamics in favour of de Broglie's. Thus, if one wishes to regard Bohm's dynamics as fundamental then one should consider relaxing (6) at least in principle.
On a point of terminology, we remark that the term 'Bohmian mechanics' is sometimes used (misleadingly) by some workers to denote de Broglie's firstorder dynamics. To avoid confusion, throughout this paper we use the term 'Bohm's dynamics' to refer specifically to the second-order dynamics defined by equations (2) and (4), which we distinguish sharply from what we call 'de Broglie's dynamics' -the first-order dynamics defined by equations (1) and (2).
In this paper we shall study Bohm's dynamics with what we call 'extended nonequilibrium', that is, with initial momenta p i = ∇ i S. We shall see that extended nonequilibrium does not relax in general, and is in fact unstable. On this basis it will be argued that Bohm's dynamics is untenable, as there would be no reason to expect to see quantum equilibrium in our world today.
In Section 2 we formally introduce the notion of extended nonequilibrium in Bohm's dynamics. In Section 3 we compare and contrast Bohm's dynamics with classical dynamics, and for the former we show that there exist two distinct equilibrium distributions in phase space. In Section 4 we compare and contrast Bohm's dynamics with de Broglie's dynamics for a simple example: a particle in the ground state of a bound system. This example is unrealistic and does not by itself enable any significant conclusions to be drawn; but it serves an illustrative purpose.
In Section 5 we consider more realistic examples of systems with wave functions that are superpositions of energy eigenstates. We consider the harmonic oscillator and the hydrogen atom, for specific superpositions, and we show by numerical simulations that quantum equilibrium is unstable for these systems. We then consider the oscillator for an arbitrary superposition (with a bounded energy spectrum), and we provide an analytic proof that the system is unstable for asymptotically large initial positions. Because the harmonic oscillator occurs in many key areas of physics -including field theory -we may conclude that in Bohm's dynamics there is no general tendency to relax to quantum equilibrium and that the quantum equilibrium state is in fact unstable.
In Section 6 we show that a similar instability occurs if one applies Bohm's dynamics to high-energy field theory in the early universe. We conclude that if the universe started in a nonequilibrium state, and if it were governed by Bohm's dynamics, then we would not see equilibrium today. In particular, there would be no bound atomic states and even the vacuum would contain arbitrarily large field strengths, in sharp conflict with observation.
Finally, in Section 7 we draw the conclusion that, while de Broglie's dynamics is a tenable physical theory, Bohm's dynamics is not.
Extended nonequilibrium in Bohm's dynamics
In phase space the quantum equilibrium (or quantum theoretical) distribution is
where
.., ∇ N ) and where p = (p 1 , p 2 , ..., p N ). As we have seen, according to Bohm's dynamics this distribution will hold at all t if it holds at t = 0. However, in principle Bohm's dynamics allows arbitrary initial distributions ρ(q, p, 0) on phase space whose time evolution ρ(q, p, t) will be given by the continuity equation
Here ∇ p denotes a 3N -dimensional gradient with respect to the momenta. The phase-space velocity field
has components (i = 1, 2, ..., N )
The key question is whether 'reasonable' initial nonequilibrium distributions
tend to relax to (extended) quantum equilibrium or not. We shall present strong evidence that they do not.
Comparison with classical dynamics
Bohm's dynamics is, in effect, just Newton's dynamics with an additional timedependent potential Q(q, t) added to the usual classical potential function V . Equivalently, it is a Hamiltonian dynamics with a classical Hamiltonian
Because of the explicit time dependence of Q, the energy of a system of particles is not conserved in general. Specifically, if we take H to be the total energy then dH/dt = ∂Q/∂t -which is generally non-zero. Thus the trajectories are not confined to a fixed energy surface in phase space. However we still have Liouville's theorem, just as for any Hamiltonian system. The total time derivative of ρ(q, p, t) is given by
and so along a trajectory we have
This implies that the dynamics contains two equilibrium distributions. For if ρ(q, p, 0) = c (for some constant c) over the available region of phase space, then (14) implies that ρ(q, p, t) = c
at all times t. This is just the usual (classical) equilibrium distribution. On the other hand, the quantum equilibrium distribution (8) is also conserved by Bohm's dynamics. The existence of two distinct equilibrium states raises the question: will there be a tendency for relaxation to occur to one of these equilibrium states, or to neither? One might guess that the existence of two equilibrium measures will in some sense 'confuse' the system. It might also be suggested that, because the support of the quantum equilibrium distribution (8) has zero Lebesgue measure in phase space, and because phase-space volume is conserved by a Hamiltonian flow, then an initial distribution with finite Lebesgue measure will not be able to relax to quantum equilibrium. However, the conservation of phase-space volume does not rule out the possibility that an initial distribution with finite Lebesgue measure could approach quantum equilibrium in the infinite-time limit, by an appropriate 'squeezing' of the evolving distribution with respect to dimensions that are orthogonal to the surface p = ∇ q S in phase space, together with a simultaneous unlimited spreading of the distribution over the whole of that surface (which can be infinitely extended) in such a way as to conserve the total phase-space volume.
Thus, given our experience with classical systems, it is not immediately obvious how the above system will behave. Bohm's dynamics defines an unusual dynamical system, and one ought to beware of standard intuitions and expectations.
Comparison with de Broglie's dynamics for
the ground state of a bound system
As a simple and preliminary example, consider a single particle in the ground state of a bound system -such as a hydrogen atom or a simple harmonic oscillator. This example is unrealistic but serves an illustrative purpose. The wave function may be written in the form
where φ 0 (x) is a real and non-negative eigenfunction of the Hamiltonian operatorĤ = − 1 2m ∇ 2 + V and E 0 is the ground-state energy eigenvalue. We take φ 0 (x) to be localised around the origin at x = 0. Because φ 0 is real the phase gradient vanishes, ∇S = 0. Furthermore, because φ 0 is non-negative we have |ψ| = φ 0 and so the eigenvalue equation
(for all x). Now, let us first consider the behaviour of this system according to de Broglie's dynamics. We have p = ∇S = 0 everywhere, so that the velocity of the bound particle vanishes no matter where it happens to be located. If we then consider an initial ensemble of such particles, whose positions have an initial distribution ρ 0 (x) that deviates slightly from the equilibrium distribution |φ 0 (x)| 2 , then because the particles are at rest we have ρ(x, t) = ρ 0 (x) for all t and we deduce (trivially) that initial small deviations from equilibrium will remain small (and indeed static). On the other hand, for initial wave functions that are superpositions of different energy eigenfunctions, extensive numerical evidence shows that initial small deviations from equilibrium quickly relax, with ρ(x, t) rapidly approaching |ψ(x, t)| 2 (on a coarse-grained level, assuming that the initial state has no fine-grained micro-structure) (Valentini 1992 (Valentini , 2001 Valentini and Westman 2005; Efthymiopoulos and Contopoulos 2006; Towler, Russell and Valentini 2012; Colin 2012) .
In the case of Bohm's dynamics, in contrast, we have
everywhere, so that now the acceleration vanishes no matter where the particle happens to be located. Therefore, an initial small deviation of the momentum p from ∇S -that is, an initial small deviation of p from 0 -remains small (and indeed static). However, a small (and constant) non-zero value of p will cause an unbounded growth in nonequilibrium with respect to position. For example, let the initial position distribution ρ 0 (x) be concentrated in a small region around some point x = x 0 close to the origin, and assume that each particle in the ensemble has the same non-zero value of p pointing away from the origin. Then each particle will move away from the origin at a uniform speed |p|/m and the distribution at time t will be simply ρ(x, t) = ρ 0 (x − (p/m)t) -that is, at time t the distribution will be concentrated in a small region around the point x = x 0 + (p/m)t, which moves at uniform speed away from the origin, implying an ever larger deviation of ρ from equilibrium. Thus, for this simple case, the bound state becomes unbound and the quantum equilibrium state is unstable. It should be emphasised that these features of the ground state do not by themselves present a difficulty, neither for de Broglie's dynamics nor for Bohm's, because it is completely unrealistic for a system in nature to occupy a ground state (or indeed any energy eigenstate) for an indefinite period of time. All physical systems that we have access to have a long and violent astrophysical history that ultimately traces back to the big bang. A hydrogen atom, for example, will have undergone interactions in its past and its wave function will have been a superposition of many energy eigenstates. Even if the atom is presently in an energy eigenstate, in the past it will not have been.
In the case of de Broglie's dynamics, we know that in the past when an atom was in a state of superposition it will have undergone rapid relaxation to quantum equilibrium. Therefore, the fact that relaxation does not occur for the ground state is in no way a difficulty for de Broglie's dynamics. At first sight, then, it may seem entirely possible that the same could be true for Bohm's dynamics: quantum equilibrium is unstable for the ground state but it might not be for the more realistic case of superpositions. However, as we shall now show, for Bohm's dynamics similar results are obtained for superpositions. Thus, even for realistic initial states there is no relaxation in Bohm's dynamics. Bound states become unbound, and the quantum equilibrium state is unstable.
Instability of Bohm's dynamics for superpositions of energy eigenstates
We shall first demonstrate, by means of numerical simulations for two examples, that in Bohm's dynamics quantum equilibrium is unstable for wave functions that are superpositions of energy eigenstates. In particular, we consider the harmonic oscillator and the hydrogen atom for specific superpositions. We then consider arbitrary superpositions for the oscillator, with a bounded energy spectrum, and we show analytically that the system is unstable in the asymptotic limit of large initial positions.
Numerical results for the harmonic oscillator
In our first example we consider a one-dimensional harmonic oscillator with an initial wave function that is a superposition of the first three energy eigenstates. The superposition is equally weighted, with randomly-chosen initial phases. We take units such that = m = ω 0 = 1, where ω 0 is the angular frequency. The classical potential is then V = 1 2 x 2 . The Schrödinger equation for the system reads
We consider an example with a wave function
where φ 0 , φ 1 , φ 2 are the first three energy eigenstates of the oscillator and θ 1 , θ 2 are randomly-chosen initial phases. According to Bohm's dynamics the acceleration of the particle is given by
Figure 1: Plot of a+2/x 2 for t in (0, 2π) and x in (3, 10), showing that a+2/x 2 > 0 in this region.
where here the quantum potential Q ≡ −(1/2)(1/|ψ|)∂ 2 |ψ|/∂x 2 is periodic in time with period 2π.
Given the expression (16) for ψ, we may plot the acceleration field a = a(x, t) numerically. We find that in the region x > 3 the acceleration satisfies
This is shown in Figure 1 , where we plot a + 2/x 2 for t in (0, 2π) and x in (3, 10) (taking θ 1 = 1.1, θ 2 = 1.8).
Now it is an elementary property of Newtonian dynamics that ifẍ = −b/x 2 (for some constant b > 0), and if the particle begins at an initial point x 0 > 0 with an initial velocity v 0 greater than the 'escape velocity' v escape = 2b/x 0 , then the particle will escape to infinity: x(t) → ∞ as t → ∞. Clearly the same conclusion will hold ifẍ = −b/x 2 + ξ where ξ > 0, since ξ amounts to an additional force directed away from the origin.
Thus in the example given, if the particle begins in the region x > 3 with an initial momentum p 0 > p escape = 4/x 0 (taking b = 2), then it will escape to infinity. While the region x > 3 does not include the bulk of the support of the initial packet (located around the origin with a spread of order ∼ 1), it is not so far out in the tail as to be negligible.
We may conclude that, for this example, quantum equilibrium is unstable under Bohm's dynamics. To illustrate this more explicitly, we may calculate the time evolution of some particular initial distributions in phase space (now taking initial phases θ 1 = 2, θ 2 = 4). In Figure 2 we show an initial distribution at t = 0 that is concentrated in a small region of phase space centred on a point of the curve p = ∂S(x, 0)/∂x. After a time t = 5, we find that the evolved distribution is bunched around the curve p = ∂S(x, 5)/∂x. A significant relaxation towards quantum equilibrium has clearly occurred. In contrast, in Figure 3 we show an initial distribution that is the same as before but displaced along the p-axis by +0.5. Again calculating up to a time t = 5, we now find that the distribution has departed further from the curve p = ∂S(x, 5)/∂x and the particles appear to be escaping. These simulations illustrate how the particles will escape if their initial momenta are sufficiently large.
Numerical results for the hydrogen atom
In our second example we consider a hydrogen-like atom -a (spinless) particle moving in three dimensions in a Coulomb potential. The initial wave function ψ(x, 0) is chosen to be a superposition
of three energy eigenstates φ nlm (x). We have calculated some of the particle trajectories numerically according to Bohm's dynamics. We now take units such that = m = a 0 = 1, where a 0 is the Bohr radius. A representative sample of our results is displayed in Figure 4 . In all the cases shown the initial position is taken to be x 0 = (x 0 , y 0 , z 0 ) = (0.5, 0.5, 0.5). Five trajectories are plotted. For comparison, the trajectory in black is obtained from de Broglie's dynamics (by integrating mẋ = ∇S).
4 The other four trajecto- The results speak for themselves. Perturbing the initial momentum only slightly away from the de Broglie value yields a noticeable but fairly small change in the trajectory (in green), with the particle appearing to remain bound. Adding a somewhat larger perturbation makes the orbit (in magenta) extend far away from the bulk of the wave packet, while a still larger perturbation results in a trajectory (in red) that appears to leave the system altogether.
Of course, strictly speaking, because we have not integrated all the way to t = ∞ these results are not a completely rigorous proof that some trajectories (with initial momenta differing substantially from the de Broglie value) actually escape to infinity. Such a proof will now be given -for arbitrary states of the oscillator.
Asymptotic instability for arbitrary states of the harmonic oscillator
So far we have demonstrated the instability of Bohm's dynamics numerically, and for certain specific superpositions, for both the harmonic oscillator and tory. the hydrogen atom. Here we provide an analytical proof of instability for the oscillator -for arbitrary states with a bounded energy spectrum, and in the asymptotic limit of large initial positions x 0 . Consider again the (one-dimensional) oscillator, but now with an arbitrary superposition
of energy eigenstates
up to some maximal eigenvalue E M , where H m (x) is the Hermite polynomial of order m. It will be shown that for large and positive x the acceleration field always has an asymptotic lower bound
is a positive constant that is determined by the superposition (19).
To derive the asymptotic lower bound let us write
is a positive polynomial of order N = 2M . The acceleration field (17) may be written purely in terms of P and its spatial derivatives:
(To show this it is useful to write
.) The denominator in (23) will certainly contain the term 4α 3 N x 3N (assuming α N = 0). The numerator can contain at most a term proportional to x 3N −1 , coming from the last three terms in the numerator. However the coefficient will be given by −2α
so the leading term in the numerator will in fact be proportional to (at most) x 3N −2 . This term also comes from the last three terms in the numerator, and its coefficient is − 2α
Thus, assuming that the coefficient (24) is non-zero, for large x we will have the asymptotic behaviour
(If instead (24) vanishes, we will have a ∼ c(t)/x p with p ≥ 3 and where c(t) is some bounded function of time.)
Now the coefficient α N is given by
where coeff(P (x), k) is the coefficient of the term of order k in the polynomial P (x). As for the coefficient α N −1 , the term containing it can only come from a product of H M with H M −1 . (The product of H M with itself will produce no such term because H M contains no term of order M − 1.) Writing c m (0) = |c m (0)| e iθm , we find that
, the asymptotic behaviour (25) of the acceleration field is then found to be
Because the cosine oscillates between +1 and −1, we indeed have the asymptotic lower bound (21) with the coefficient (22). Thus for sufficiently large initial positions x 0 we may again deduce that, if the initial velocity v 0 is larger than v escape = 2b/x 0 (with b now given by (22)), the particle will escape to infinity and therefore Bohm's dynamics is unstable.
We conclude that the instability of quantum equilibrium is generic for the harmonic oscillator as described by Bohm's dynamics. We may expect that such instability will occur for this system with any physically-reasonable initial wave function. This is an important result because the harmonic oscillator is a fundamental system that occurs in many key areas of physics -including field theory.
Cosmology and field theory
The above results provide strong evidence that there is no tendency to relax to quantum equilibrium in Bohm's dynamics, and that the quantum equilibrium state is in fact unstable. It is then reasonable to conclude that if the universe started in a nonequilibrium state -and if the universe were governed by Bohm's dynamics -then we would not see quantum equilibrium today. The Born rule for particle positions would fail, momenta would take non-quantum-mechanical values, and there would be no bound states such as atoms or nuclei.
As a counter-argument, it might be suggested that the early universe could reach equilibrium long before atoms form (about 400,000 years after the big bang, when electrons and protons combine to form neutral hydrogen). Stable bound states would then form at later times in the usual way. Furthermore, since our discussion so far has been confined to the low-energy domain, it might be thought that conclusions about the early (very hot) universe are in any case unwarranted. Both objections may be overcome by showing that the same instability appears if one applies Bohm's dynamics to high-energy field theory.
In classical field theory a free, minimally-coupled, massless scalar field φ, on a curved spacetime with 4-metric g µν , has a Lagrangian density L = 1 2 √ −gg µν ∂ µ φ∂ ν φ (where µ, ν = 0, 1, 2, 3). On an expanding flat space with line element
(where a = a(t) is the scale factor), we have
It is convenient to work in Fourier space, in terms of Fourier components
These may be written as
for real q kr (r = 1, 2), where V is a box normalisation volume. The Lagrangian
Introducing the canonical momenta π kr ≡ ∂L/∂q kr = a 3q kr , the Hamiltonian becomes
(Note that, at time t, a coordinate distance |dx| corresponds to a physical distance a(t)|dx|. It is usual to take a 0 = 1 today (at time t 0 ), so that |dx| is a physical or proper distance today. Physical wavelengths are given by λ phys = a(t)λ, where λ = 2π/k is a proper wavelength today and k = |k| is the corresponding wave number. 
(with Ψ = |Ψ| e iS ). This pilot-wave model has been applied in a cosmological context by Valentini (2010) . A preferred foliation of spacetime, with time function t, has been assumed.
Let us now consider the case of a decoupled mode k. Writing Ψ = ψ k (q k1 , q k2 , t)κ, where κ depends only on degrees of freedom for modes k = k, it follows from (27), (28) that ψ k satisfies
while the de Broglie velocities for (q k1 , q k2 ) arė
(with ψ k = |ψ k | e is k ). These equations are formally the same as those of pilotwave dynamics for a nonrelativistic particle with a time-dependent 'mass' m = a 3 and moving (in the q k1 − q k2 plane) in a harmonic oscillator potential with time-dependent angular frequency ω = k/a (Valentini 2007) .
In the short-wavelength limit, λ phys << H −1 , we recover the equations for a decoupled mode k on Minkowski spacetime -since, roughly speaking, the timescale ∆t ∝ λ phys over which ψ k = ψ k (q k1 , q k2 , t) evolves will be much smaller than the expansion timescale H −1 ≡ a/ȧ (Valentini 2007 (Valentini , 2008b ). On such timescales a is approximately constant and the equations (29), (30) reduce to those of pilot-wave dynamics for a nonrelativistic particle of constant mass m = a 3 moving in an oscillator potential of constant angular frequency ω = k/a. We may now readily write down Bohm's dynamics for the same decoupled field mode, in the same short-wavelength limit. Taking the time derivative of (30), and using (29), yields
(with a 3 ≈ const.), where
is the classical potential and
). In Bohm's dynamics for this field system, (31) are the equations of motion, while (30) are initial equilibrium conditions only, just as in the low-energy particle theory.
It is now readily seen that if we consider Bohm's dynamics for an initial nonequilibrium state, witḣ
at some initial time t i , then the field amplitudes (q k1 , q k2 ) will show the same instability as we found for the low-energy particle case. For example, if the initial wave function is a superposition of the ground state plus a few of the first excited states, then as |ψ k (q k1 , q k2 , t)| 2 evolves it will remain localised around the origin (q k1 , q k2 ) = (0, 0). Whereas, because trajectories (q k1 (t), q k2 (t)) can leave this localised region and move off to infinity, the actual ensemble distribution ρ k (q k1 , q k2 , t) can evolve far away from equilibrium, just as we saw for the particle case.
The physical consequences of such behaviour for the field would be quite drastic. If the field amplitudes |q kr | grow unboundedly large, this means that the field φ(x, t) itself becomes unbounded in magnitude. Similar results would be obtained for the electromagnetic field, for example, resulting in unboundedly large electric and magnetic field strengths even in the vacuum. This is grossly at variance with observation.
Conclusion
We have shown that Bohm's dynamics is unstable. Small deviations from initial equilibrium do not relax and instead grow with time.
On the basis of these results we conclude that Bohm's dynamics (as we have defined it) is untenable as a physical theory. It agrees with quantum theory and with observation only if very special initial conditions are assumed. Specifically, the initial momentum distribution in phase space must be concentrated exactly on the surface defined by p = ∇ q S.
If Bohm's dynamics were correct it would be unreasonable to expect to see an effective quantum theory today -even approximately -in contradiction with observation. This is in sharp contrast with de Broglie's dynamics, where efficient relaxation to equilibrium implies that one should expect to see equilibrium at later times (except, possibly, for very long-wavelength modes in the early universe (Valentini 2007 (Valentini , 2008b (Valentini , 2010 Colin and Valentini 2013) ). It is then reasonable to conclude that, while de Broglie's dynamics is a viable physical theory, Bohm's dynamics is not.
To avoid this conclusion, there are two possible responses, each of which seems unconvincing:
(i) It might be asserted that the extended quantum equilibrium state (8) is 'absolute', in the sense of defining a preferred measure of 'typicality' for the initial conditions of the universe. An analogous claim has been made by some workers for the standard quantum equilibrium state (3) in the context of de Broglie's dynamics (Dürr, Goldstein and Zanghì 1992) . This last approach has been criticised on grounds of circularity (Valentini 1996 (Valentini , 2001 ). But even leaving such criticisms aside, for the case of Bohm's dynamics how could one justify using a particular measure of typicality when there are two equilibrium distributions (8) and (15)? The 'wrong' choice -the equilibrium measure (15) -would conflict grossly with observation. And yet there appears to be no a priori reason to prefer (8) over (15) as a probability (or typicality) measure for initial conditions.
(ii) It might be suggested that Bohm's dynamics is only an approximation, and that corrections from a deeper theory will (in reasonable circumstances) drive the phase-space distribution to equilibrium. Such a suggestion was in fact made by Bohm (1952a, p. 179) . While this may turn out to be the case, the fact remains that Bohm's dynamics as it stands is unstable and therefore (we claim) untenable.
In our view Bohm's 1952 Newtonian reformulation of de Broglie's 1927 pilotwave dynamics was a mistake, and we ought to regard de Broglie's original formulation as the correct one. Such a preference is no longer merely a matter of taste: we have presented concrete physical reasons for preferring de Broglie's dynamics over Bohm's.
